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CHAPTER 1. INTRODUCTION

A natural generalization of the concepts of Banach space and Banach algebra
is obtained by omitting the condition that the sets under addition form a group,
substituting the condition that addition yield a semigroup. Of course, the scalars
involved in scalar multiplication must be restricted, otherwise nothing has actually
been changed. With the absence of subtraction, the norm becomes useless, and
must be replaced by a metric satisfying special conditions.

F. F. Bonsall, S. Bourne, and E. J. Barbeau (see the bibliography), among others,
have published results concerning this generalization. Bonsall and Barbeau take a
semialgebra to be a subset of a Banach algebra which is closed under addition,
multiplication, and scalar multiplication by nonnegative reals. Recall here the
extensive work on convex cones in locally convex topological vector spaces (Schae-
fer’s book is a good example)—see example (5) of this work. Bourne starts with a
semiring, then concentrates on unital left Z-semimodules with various restrictions
and additional operations (Z the nonnegative reals, invariant metric, etc.), among
which is semialgebra as defined in this paper. The question arises here whether or
not these generalizations are more a difference in point of view than a study of
something different; that is, can one always consider a semialgebra, semilinear
space, etc., as just a convex cone, semialgebra, etc. in a linear space or algebra.
Algebraically, an embedding can be achieved—e.g., mimic the extension of the
nonnegative integers to the integers. The real question is whether the metric or
topology can be extended. Bourne [8] has something to say about extending norms;
Keimel [14] considers the locally compact topological case. It might be said that
we have carried some of Bourne’s point of view over into a study of the kind of
spaces Bonsall and Barbeau have in mind. However, this is not all we have done.
We have introduced new concepts (boundary, interior, and linear independence)
and studied them in enough detail to demonstrate that they are a significant addi-
tion to the literature on semialgebras. The entire field has many gaping holes
which need to be filled before outstanding problems can be solved.
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In the body of this work we start by considering a semilinear space to be a set S
on which is given two operations, addition and scalar multiplication by nonnegative
real numbers only, such that S under addition is a commutative, cancellative semi-
group with additive identity 0. We then study, in turn, topological, metric, and
complete metric semilinear spaces (called Banach semilinear spaces). A metric
semilinear space S has a metric d which is invariant, that is, d(ex+y, az+y)
=ad(x, z), for all x, y, zin S, and « 2 0. We then take a semialgebra to be a semi-
linear space on which is given an operation of (elementwise) multiplication under
which S is a semigroup, with the usual relationships between the three operations.
We follow up by considering topological, metric, and Banach semialgebras.

Throughout, special attention is given to the boundary of a semilinear space,
defined algebraically rather than topologically. Let [x, y] denote the set of all
ax+ By, where =0, 820, and «+8=1. The boundary B(S) of a semilinear space
S is the set of all x in S such that there exists y in S such that x is not in [y, z] for
any z#x.

The interior I(S) of a topological semilinear space S is the union of all open sets
V such that if U is open, U<V, and x is in S, then x+ U is open. In a topological
semilinear space S, we prove that B(S) and I(S) partition S, with 8(S) closed and
I(S) open.

One very useful result is that if S is a Banach semilinear space and x and y are
points of S such that z in B(S) implies that x is not in [x +y, z], then y has an addi-
tive inverse.

A subset L of B(S) is called a linear subspace of B(S) if it is closed under addition
and scalar multiplication. Suppose L is a maximal linear subspace of the Banach
semilinear space S. We denote by y/x the set of all v in S such that y is in [x, v],
and by Ly/x the closure of the set of all z in S such that z is in [u, v], for some u
in L and v in y/x.

We have the following results. Suppose the Banach semilinear space S contains
a maximal linear subspace L and x, in L, y, not in L, such that Ly,/x,=S. Then
the x, corresponding to y, such that Ly,/x,=S is unique if and only if O is the
only element of S with additive inverse. If there exists x, in L and y, not in L
such that Ly,/x,=.S, then there exists z in S such that Lz/0=S, where O is the
additive identity.

When is there z not in L such that Lz/0=S? We prove that Lz/0=S if and
only if z is in every maximal linear subspace of B(S) distinct from L.

We say that linear combination a;x; + - - - +a,x, is reduced if x;+x;=0 implies
that either o;=0 or «;=0. Every linear combination is equal to a reduced com-
bination, and we assume that every combination has been so reduced. The points
X1, X9, ..., X, are linearly independent if oyx;+ - +ox,=B1x;+ - 48X,
implies «;=f;, i=1, ..., n. Note that this allows additive inverse of the x; to be
included. We have the natural extensions to maximal linearly independent subsets
and bases of semilinear spaces. Not all such spaces have a basis.
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We prove that if the Banach semilinear space S, with nonempty interior, has a
basis B, then B is not a subset of S(S) if and only if every element of 8(S) has
an additive inverse. Also, if B is not a subset of B(S), then exactly one point of B
is in I(S).

Turning to semialgebras, we concentrate on ideals. The subset M of the semi-
algebra S is an ideal provided that M is a semialgebra and a in M, x in S imply
ax, xa in M. The ideal M is nonassimilating if there is x in S such that x+m is not
in M, for any m in M. Given an ideal M, we say that x is congruent to y modulo
M if there exist m and n in M such that x+m=y+n, and write x=y(M). The
relation “=" is an equivalence relation. We denote by X the equivalence class
containing x.

One result we obtain is that if M is a nonassimilating maximal ideal in a Banach
semialgebra S and there exists x in S such that ¥ N B(S) is empty, then M =8(S)
and M is the set of elements of S which have additive inverses.

A slightly surprising result is the following. If S is a Banach semialgebra with
identity e € I(S) such that d(e, 0)=1, then d(e, x)<1 implies x is regular. This
theorem implies the well-known theorem from Banach algebras.

This work is contained in the author’s doctoral dissertation submitted to the
University of Georgia. He wishes to thank Professor John W. Jewett for his help
and encouragement.

The author also wishes to thank the referee for his extremely perceptive and
comprehensive scrutiny of this work.

CHAPTER 2. SEMILINEAR SPACES

1. Definitions.

DEFINITION 2.1. A semilinear space is a set S on which is defined operations of
addition (+) and scalar multiplication by nonnegative real numbers (henceforth
denoted by Greek letters) such that the following properties hold:

(a) (S, +) is a commutative, cancellative semigroup with 0,

(b) ox+y)=ex+ay,

©) (e+B)x=ax+px,

(@) «(Bx)=(B)x,

(¢) 1-x=x and 0-x=0, where on the left 0 and 1 are real numbers and on the
right 0 is the additive identity.

DEFINITION 2.2. A topological semilinear space is a semilinear space S on which
is defined a Hausdorff topology such that addition is continuous from Sx S
into S and scalar multiplication is continuous from R* xS into S, where R*
denotes the set of nonnegative real numbers.

DEFINITION 2.3. A metric semilinear space is a semilinear space S on which is
defined a metric d satisfying the additional condition d(ex + z, ay +2)=ad(x, y).

DEFINITION 2.4. A Banach semilinear space is a complete metric semilinear space.
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2. Examples.

(1) Any linear space is a semilinear space.

(2) Any linear topological space is a topological semilinear space.

(3) Any normed linear space is a metric semilinear space.

(4) Any Banach space is a Banach semilinear space.

(5) A convex cone in a topological linear space (Banach space) is a topological
linear space (metric semilinear space).

(6) Let ES ={(x, y):x2=0, y=0}. With the usual addition and scalar multiplica-
tion and

d((xO’ yO)a (x19 }’1)) = max{|x0—x1|9 |y0—y1|},

EZ is a Banach semilinear space.

(7) Let E;={(x, y):x=0}. With operations and metric as in (6), E} is a Banach
semilinear space.

(8) Let S be the set of all sequences of complex (or real) numbers which con-
verge to a nonnegative real number. With coordinatewise addition and scalar
multiplication (by nonnegative reals), and metric d(x, y)=sup |x,—y,|, S is a
Banach semilinear space. Or, let S be the set of all bounded sequences with
lim inf x, 0.

(9) In (8), let S be the set of all convergent sequences of complex numbers so
that, if z, — z, then Re (z)20 and Im (2) 20.

(10) Let F be the set of all nonnegative functions defined on the integers which
are nonzero at only a finite number of points. With the usual addition and scalar
multiplication and sup metric, F is a metric semilinear space which is not complete.
An additional property will be brought out later.

CHAPTER 3. THE BOUNDARY AND INTERIOR

1. The set I. We first consider the set of elements of a semilinear space which
have additive inverses, and its complement.

DErINITION 3.1. Given a semilinear space S, let I={x € S:x+x’=0, for some
x' €S}, and let N=S—1.

THEOREM 3.1. Let S be a topological semilinear space, with N nonempty. Then N
is dense in S.

Proof. Let mye N and meI. For «>0, B=0, a+B=1, we have amy+Bm € N,
for otherwise (amy+pBm)+x=0, for some x€ S, or my+((B/e)m+(1/a)x)=0,
which implies m, € I. Clearly, the sequence {(1/n)mo+(1—1/n)m}, n=1,2, ..., of
elements of N converges to m. Thus each point of [ is a limit point of N, which
shows that N is dense.

THEOREM 3.2. If S is a Banach semilinear space, then I is closed. Hence, if N# &,
then N is open and dense in S.
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Proof. Suppose x, is a limit point of 7, so that there is a sequence {x,} of points
of I which converges to x,. For each n (=1,2,...) there is x, € S such that
X, +x5,=0.

Since {x,} converges, it is a Cauchy sequence. Now, using Definition 1.3, we have

d(xm, Xn) = d(xXp+ X+ Xn, Xn+Xm+Xy)
= d(x,+0, x,+0) = d(xp, x,).

This implies that {x;} is also a Cauchy sequence. Since S is complete, {x,} converges,
say to x5. Now,

d(xo+x0, 0) = d(xo+x5, Xn+X,)
< d(xo+xg, Xo+Xx7) +d(xo+ X7, Xn+X7)
= d(xg, Xp) +d(so, X,).

Since the last expression can be made as small as desired, we must have d(x, + xg, 0)
=0. Therefore x,+x,=0, x, € I, and I is closed.

We conclude this section with a curious connection between I and open neigh-
borhoods of 0.

Consider first the right half-plane, example (7). In this, I is the y-axis. Let V'
be an open ball in E} containing 0 (a semicircle with left edge included). If x € I,
then x+ V={x+v:v e V} is seen to be open. However, if x ¢ I, then x+ ¥ contains
its left edge and will not be open. This is not a coincidence.

THEOREM 3.3. Let S be a topological semilinear space and V an open neighborhood
of 0. Then x € I if and only only if x+V is open.

Proof. Suppose x € I. Then x+x'=0, for some x’. The mapping y — y+x’ is
clearly continuous, and x+ V is the inverse image of V. Hence x+ V is open.

Suppose x+ V is open. Since the sequence {(1 — 1/n)x} converges to x, we must
have (1 —1/n)x € x+ V, for some n, since x+0 e x+ V. Then there is x, € V such
that (1 —1/n)x=x+x,. From x+x,=(1 —1/n)x+(1/n)x +x, and cancellativity of
addition, we have (1/n)x + x,=0 and x+nx,=0. Therefore x € I.

2. Boundary and interior. Let S be a topological semilinear space. We assume
N+# &, so that S is not a linear space.
Given x, y€ S, let

[x, 5] = {ex+By:« 20,82 0,a+B = 1}.

DEFINITION 3.2. The boundary B(S) of S is the set of all x € S such that there
exists x, € S such that x ¢ [x,, x'], for x'#x.

DEFINITION 3.3. The interior I(S) of S is the union of all open sets ¥ such that
if Uis open, U<V, and x € S, then x+ U is open.

Note that it immediately follows that I(S) is open.

THEOREM 3.4. (a) If V is a nonempty open subset of I(S) and x, € S, «>0, then
Xo+V and oV ={av:v € S} are open subsets of I(S).
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®) IfxeI(S),ye S and «>0, =0, a+B=1, then z=ax+By € I(S).
(c) I(S) is dense in S if I(S)# &.

(d) BS)=S—I(S); if I(S)# &, B(S)=S—I(S).

(e) I<B(S) and I(S)<N.

Proof. (a) We show that x,+ V is open. Let x=x,+v e x,+ V, where ve V.
Since v € I(S), there is open V, containing v such that x,+ U, is open for U, an
open subset of V,. Now ¥V, N V is an open subset of V,, so that xo+ Vo, N Vis
open. Since x,+v € xo+ Vo N Vx4 V, it follows that x,+ V is open.

Now let z € S. Then (z+x,)+ V is open, so that z+(x,+ V) is open. This implies
that x,+ V<I(S).

oV is open, since under the continuous mapping y — (1/e)y, «V is the inverse
image of the open set V.

Given x € S, x+ V is open. As in the last argument, e(x+ V)=ax+aV is open.
Given u€ S, let x=(1/x)u. Then u+oV is open. It follows from Definition 3.3
that « V< I(S).

(b) We have x+(B/x)y=(1/e)z. Since x € I(S), there exists an open neighbor-
hood ¥ of x such that x,+ V is open for any x, € S. Then (8/a)y+ V, and hence
o((B/e)y+ V)=By+caV, are open subsets of I(S). Since ax € aV, we have z=8y
+ax € I(S).

(c) follows immediately from (b).

(d) Let x € B(S). Then there exists x, such that x ¢ [x,, x'] for x"#x. Suppose
x € I(S). Then there is an open neighborhood V of x such that x,+ V is open.
Since addition is continuous, there must exist neighborhoods ¥; and V, of x,
and x, respectively, so that y € ¥, and z € V, imply y+z are in the neighborhood
Xo+ V of xo+x. Since scalar multiplication is continuous, there is 0<f <1 such
that Bx, € V;. This with x € V, imply (1 —8)x+B(x+x,)=x+Bx, € xo+ V. Then
there exists v € V so that

x+Bx, = X+,
x = (1-B)xo+v,
x = (1-B)xo+B((1/B)v).

Clearly, x#(1/B)v. Thus we have x € [x,, (1/8)v], with x#x,, x#(1/B)v, which
contradicts the choice of x,. Therefore x ¢ I(S), i.e. x e S—I(S). This means
B(S)=S—I(S).

0eS—I(S), for if 0 ¢ I(S), Theorem 3.3 and Definition 3.3 would imply =S,
contrary to our assumption that N# &. Thus S—I(S)# <.

Let x € S—1I(S). Suppose I(S)# @, and let z € I(S). Suppose there exists x"#x
such that x € [z, x']. Then x=az+Bx’, with >0, >0, and «+B=1. But, by (b),
x € I(S). Hence, x'#x implies x ¢ [z, x']. By Definition 3.2, x € B(S), so that we
have S—1(S)<pB(S). Hence B(S)=S—1I(S).

(e) Suppose there exists x € I such that x € I(S). Then, by (d) and Definition
3.2, given y#x, there is y'#x such that x=ay+By’, with «>0, >0, a+B=1.
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Since x € I, we have x+x'=0 for some x’' € S. We have then ay+By +x'=0,
y+((B/e)y' +(1/e)x")=0. Thus y € I, which implies that S=/I. This contradicts
N+# &. Therefore I<B(S).

I(S)< N follows from I<p(S)=S—1I(S) and N=S—I.

This completes the proof of the theorem.

Since 0 € I<B(S), B(S) is always nonempty. After considering some of the more
trivial examples, one might conjecture that I(S) is always nonempty. This is not so.
Consider example (10). Let fe F. There is an integer n, such that f(ny)=0. Let f,
be the element of F which is 1 at n, and 0 at nsn,. Suppose there is f’ € F such
that fe [fo, /'] and ' #f. Then of,+Bf’ =1, where >0, >0, and «+B=1. Now
ofo(no)+Bf ' (no) =f(ny) = — o/B. But f'(n,) must be nonnegative. This is a contra-
diction. By Definition 3.2, f € B(F), i.e. F=B(F). Since B(F)< F—I(F), by Theorem
3.4(d), we must have I(F)=o.

The author wishes to thank the referee for the following intriguing example.
Let S be all nonnegative sequences with x, = x;, for i=1, 2, ..., with the topology
of pointwise convergence. Then (1,4, 4,4, ...) is not in B(S) but I(S)= @.

CHAPTER 4. GEOMETRY IN SEMILINEAR SPACES
1. Some miscellaneous theorems.

THEOREM 4.1. Let S be a metric semilinear space.

(@) Iflima,=a, a, € S, and lim «, =, then lim «,a, =a.

(b) If a,+b,=c, and any two of lim a,, lim b,, and lim c, exist, then so does the
third and lim a,+lim b, =lim c,.

Proof. Straightforward use of Definition 2.3.

THEOREM 4.2. Let S be as in 4.1.

(a) d(ax, x)=|a—Bld(x, 0).
(b) If ax+By=z and a+B=1, then a=d(y, 2)/d(x, y).
Proof of (b). d(x, y)=(1/a)d(ax, ay)=(1/c)d(cex+By, ey +By)=(1]/a)d(z, y).
THEOREM 4.3. Suppose S is a Banach semilinear space and x and y are points of
S such that if x, € B(S), then x ¢ [x+y, x,). Then y € L.
Proof. Two facts are needed:
(1) If «>0, >0, a+B=1, and az+p(x+y)=x. then d(x, z)=(B/a)d(y, 0).
For z+(Ble)y=x, and d(x,z)=d(x+(B/e)y, z+(Ble)y)=d(x+(B/e)y, x)=
d((B/2)y, 0)=(B/x)d(y, 0).
(2) If, in addition to the conditions of (1), we have aozo+Bo(x+y)=x, 0¢u>0,
Bo>0, ag+Bo=1, then d(z, z,) = |Bo/ao — Ble|d(y, 0).
For
d(z, 20) = d(z+(Bo/o) y+(B/e)y, 2o+ (Bo/eto) y +(B/e) )
= d(x+(Bo/%0)y, x+(Bla) p) =d((Bo/0) y, (B/) y)
= |Bo/ao—Ble|d(y, 0),
by Definition 2.3 and Theorem 4.2(a).
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Suppose now that {d(z, x):x € [x+, z]} is bounded, and let y be its least upper
bound. We cannot have y=0, for then x € [x+y, z] for any z € S. We cannot have
y=0, for then if z#x, we have x ¢ [x+y, z], which by Definition 3.2 implies
x € B(S), contradicting the hypothesis. Therefore d(y, 0)>0 and y>0.

There exists a sequence {z,} such that y—1/n<d(z,, x)<y and x € [x+Y, z,]
for each n. For each n, there exist «,>0, B,>0, with «,+8,=1, such that «,z,
+Bu(x+y)=x. By (1) above d(z,, x)=(Bs/ex)d(y, 0). Then y—1/n<(Ba/as)d(y, 0)
<y. This implies that (B,/e,)d(y,0) converges to y, so that «, converges to
1/[y/d(m,0)+ 1]=«>0, and B, converges to 1 —a>0. Since

d(zm zk) = ‘Bn/an—ﬂk/akld(y, 0)’

by (2), and {B,/a,} converges, we have that d(z,, z,) converges to 0. Thus {z,}
is a Cauchy sequence and hence converges, say to z. We have z, — z, «, = «,
and B, — B, so, by Theorem 3.1, «,z,+B.(x+y) converges to az+B(x+y). Since
02y + Br(x +y)=x, az+B(x+ y)=x. Note that

d(z, x) = (B/w)d(y, 0) = (1/a—1)d(y, 0) = ».

From the hypotheses, we see that z ¢ B(S), so there must exist z’'#z, «'>0,
B’ >0, with «’+p'=1, such that o’x+ Bz’ =z. This, with «z+p(x+y)=x, implies
that (eB'/(1 — ')z’ +(B/(1 — ac'))(x + y) =x, where o«f'/(1 —aa’)>0, B/(1 —aa’)>0,
and «f’/(1 — ')+ B/(1 —aa’)=1. By (1),

l—al (1
= 54000 = (

o

(@, x) = % d(y,0) = - 1) 'Bl" d(y, 0) = y(%) > .
This contradicts the choice of y. Thus we have that {d(z, x):x € [x+, z]} is
unbounded.

Given a positive integer n, there exists z, such that d(z,,x)=n and xe
[x+y, z,), i.e. there exist ¢, >0, B, >0, with a,, + 8, =1 such that a,z, + B.(x +y)=x.
Now, by (1) d(za, x)=(Ba/en)d(y, 0). Let Yn=2n/d(2,, X). Then a,z,+Bu(x+y)=x
gives

_ Bn — B" 1 = 1
anzn+Bny = ayX, Zn+any = X, yn+an d(zn, x)y - d(z,,, x) X,

and
+ I = 1 X
"TI;,0Y T dz, 0"

since d(z,, X)=(B./e)d(y, 0). Since 1/d(z,, x) converges to 0, by Theorem 4.1(b)
Y. COnverges, say to y,, and yo+(1/d(y, 0))y=0, or y+d(y, 0)y,=0. Therefore y
has an additive inverse and hence belongs to 1.

2. Maximal linear subspaces.

DEerINITION 4.1. If S is a topological semilinear space, then the subset L of
B(S) will be referred to as a maximal linear subspace of B(S) if L is a semilinear
space which is not contained properly in any other semilinear subspace of B(S).
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If I(S)# @, then Theorem 2.4 (d) and the fact that I(S) is open imply that 8(S)
is closed, and hence every maximal linear subspace of B(S) is closed.

THEOREM 4.4. If L is a maximal linear subspace of B(S), then I<L.

Proof. If x € I and y € B(S), then x+ y € B(S), for otherwise, by Theorem 3.4(a)
and (b), 3y=3(—x)+3(x+y) € I(S), so yeI(S), which contradicts Theorem
3.4 (d).

Suppose x € I, and let L’ be {ax+By: y e L,«20,B20}. Clearly L' is a semilinear
space. For any «, B and y e L, ax € I and By € B(S), so that by the above, ax+By.
Then L'<B(S). Clearly, LcL'. Since L is maximal, 1=L', so that x=1x+0y € L.
We conclude that I<L.

THEOREM 4.5. If L is a maximal linear subspace of 8(S) and x ¢ L, then x+y ¢ L,
forany yeL.

Proof. Suppose there is y € L such that x+y € L. If x € I(S), then $x + 1y € I(S),
by Theorem 3.4(b), and 2(3x+4y)=x+y € I(S), by Theorem 3.4(a). But x+y
€ L= B(S), which contradicts Theorem 3.4(d). Thus in case x € I(S), x+y ¢ L.

Suppose x € B(S). Then ax+ Bz € B(S), for « 20, B0, and z € L, for otherwise,
if ax+Bz € I(S), then, by Theorem 3.4(b), ax+Bz+ay € I(S), so that a(x+y)+pz
€ I(S). But «(x+y)+Bz € L, which is a contradiction. As in the concluding argu-
ment of Theorem 4.4, x must be in L. This contradiction establishes the theorem.

COROLLARY. If x,y€ L and x € [z, y], then z € L.

Proof. Suppose az+By=x, a>0, with a+B=1. Then z+(B/a)y=(1/x)x, and
(1/e)x, (B/e)y € L. By the theorem, if z ¢ L, z+(B/e)y ¢ L.

3. The degeneracy of /. In this section we will consider only Banach semilinear
spaces S with nonempty interior.

DEFINITION 4.2. Given x,y € S, let y/x denote the set of all ve S such that
y€[x,v].

DEFINITION 4.3. Given a maximal linear subspace L of (S), let Oy/x denote the
set of all z € S such that z € [u, v], for some u € L and v € y/x. Let Ly/x denote the
closure of Oy/x.

ExaMPLEs. Consider example (6), the first quadrant. Let y=(1, 1), x=(0, 1),
and L be the maximal linear subspace of B(ES) consisting of the y-axis. Then
Ly/x=EZ. Next consider example (7), the right half-plane. With y and L as above,
we have that Ly/x = E}, for any x € L. Note that in the first case the x corresponding
to y=(1, 1) is unique. Note also that in the first case /={0} and in the second case
I#{0}.

Such examples can be found in infinite dimensional cases—for instance,
example (8).

The major result of this section will be

THEOREM 4.6. Suppose S contains a maximal linear subspace L of B(S) and
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Xo €L, yo € S—L such that Ly,/x,=S. Then I={0} if and only if the x, such that
Lyo/xo=S is unique.

The proof will be delayed until later.
THEOREM 4.7. If Ly,/x,=SS, then yo/x, is unbounded.

Proof. Clearly, yo/x, is unbounded if and only if {d(v, xo):v € yo/xo} is un-
bounded.

Suppose yo/x, is bounded, and let y,=1ub {d(v, x,) : v € yo/Xo}. If ¥,=0, then
Xo € Yo/Xo, Which implies xo,=y,, contradicting y, € S—L. Thus y,>0.

Let {v,}<yo/xo such that yo—1/n<d(v,, xo) <v,. Then there exist {«,}, {Bn},
with «,+B,=1, such that o«,v,+B.xo=y,. By Theorem 4.2(b), d(v,, x,)=
(1/e)d(x0y0). Then yo—1/e, <(1/et,)d(x0¥0) < yo, Which implies that «, converges
to a nonzero number, say «,. Also yo=(1/0)d(x,, ¥o). Also, B, converges to 1 —«,
=Bo-

Now v, +(Bu/eta)Xo=(1/ay)yo. Since lim (B,/en)xo=(Bo/e0)Xo and lim (1/es)yo
=(1/a) yo by Theorem 4.1(b) v, must converge, say to v,. We have then «yv,+ BoXo
=Yo, With ao+Bo=1, i.e. vy € yo/Xo.

We show that yo/x,= [0, vo]. Clearly [yo, vo]<yo/Xo. Let v € yo/xo. Then av+Bx,
=0, where a+B=1 and «>0. We have av+ Bx,=aqvo+Boxo. Since (1/a)d(x9, Yo)
=d(v, Xo) < yo=(1/a)d(x,, yo) We have oy <o and B=8,. Then

_ %‘1 v0+(ﬁo;Bo) Xo = %% vo+(ﬂoa—ﬁo)ﬂo Xo

_ Iz;;z Vo +(BO;3€)% Yo +(Boa—’3f)ﬁo Xo

= 5—;: Vo +B:q;0ﬁ (o0 +BoXo) = ﬁ%‘; ) +ﬁZI;OB Yos
where

Hence v € [y,, vo] so that yo/xo=1[y0, Vol

Since Ly,/x,=S, we have 2v, € Lyo/x,, so there exists {z,} such that z, € Oyy/x,
and z, converges to 2v,. There exist {«,}, {Bn}, With op+B,=1, such that z,=
o, +Bav,, Where u, € L and v}, € yo/x,. Since yo/xo=[¥o, Vo), there exist oy, Bn,
with o, + B85 =1, such that v, = a7y + BrxXo.

Substituting, we get z,=anttn+Pnanvo+BrPuxo. Since {Bnan} and {B.B.} are
bounded above by 1 (and below by 0), some subsequences of each with common
subscripts must converge. Since z, converges (hence any subsequence), by Theorem
4.1 the corresponding subsequence of a,u, must converge. Combining these
results, we have 2vy=u, +yvo+7yoXxo, Where u; € L (L is closed) and y,=1. Then
(2—9y)vo=u; +7yoXo € L, so that v, € L. This implies that y,=cv,+BoX, € L, which
contradicts y, € S—L. The contradiction implies the theorem.
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THEOREM 4.8. Given the supposition of Theorem 4.6, there exists z € S such that
Lz/0=S, where O is the additive identity of S.

Proof. By Theorem 4.7, yo/x, is unbounded, so that for a given natural number
n there exists v, € yo/X, such that d(v,, xo)=n. Alternately, there exist «,, B,,
with o, +8,=1 (and «,>0), such that o,v,+8,x,=y,. By Theorem 4.2, o,=
d(xo, ¥o)/d(vax,). Since d(v,, xo)=n, «, converges to 0, and hence B, converges
to 1. Then B,x converges to x. By Theorem 4.1(b) «,v, must converge, say to z.
We then have z+ xy=y,.

We show that Lz/0=S. Observe that u € z/0 if and only if u=yz, where y21.
Let zo € Oyo/xo, i.e. zog=aqug+Bove and avy+Pxe=y, Where a+B=1=0y+p,.
Then avg+Bxo=yo=z+Xy, avo=z+axe, vo=(l/a)z+x, Substituting, zo=au,
+Bo(x + (1/2)2) = ag(uto + (Bo/t0)X0) + Bo((1/)z), With uo+(Bo/etg)xo € L and (1/e)z
€ z/0. Hence, z, € 0z/0, and Oyy/x,<0z/0. Then S=Lyy/x,<Lz/0, or S=Lz/0.
This completes the theorem.

Actually Oz/0=S. For, let z, € S. There exists {z,} < 0z/0 such that z, converges
to z. Thus z,=e«,u, + B,(y.2), where u, € L, y,z€ z/0, y, 21, and «,+B,=1. Since
some subsequence of {8,} converges, we can say that {8,} converges, say to B.
Suppose vy, is unbounded. Then (1/y,)z,=(e,/yn)un+B.z, some subsequence of
(1/y4)z, converges to 0, and B,z converges, so some subsequence of {(«,/y,)u}
converges, say to u. Then O0=u+Sx. But this implies ze I<L, and y,=x,+z€ L.
This contradicts y, € S— L. Thus {y,} is bounded, so that without loss of generality
we can say that y, converges, say to y=1. Again, «,u, must converge, say to u.
We then have z,=u+Byz. If B=1, then z,=3Qu)+4(2yz). If B<1, then z,=
o((le)u) +B(yz). In either case, z, € 0z/0.

Note that from the conclusion of the above argument we can say that z, € Lz/0
if and only if z; =u+yz, where u € L, y =0. This will be used later.

Proof of Theorem 4.6. By Theorem 4.8, there is a z such that Lz/0=S.

We show that if x € I, then Ly,/x, =S, where x, =x,+ x.

Let y € Oyo/x,, so that y=ou+Bv, oo+ BeXo =y, With a+B=1=ay+pB,. Since
Xo=2x;+(—x), we have aov+(x; +(—X))=Yyo, #o(v+(Bo/ao)(— X)) +BoX1=yo. Also
y=au+Bv+(BBo/xo)x + (BBo/o)( — X) = alu + (BBo/acto)( — X)) + B(v + (Bo/xo)( — X)).
Since —x € I L, we have u+(BBy/axy)(—x) € L. We conclude that y € Oy,/x,, i.e.
Oyo[Xo< Oyo/x,. Thus S=Ly,/xo=Lyo/X;.

Therefore, if #{0}, there is no unique x, such that Ly,/x,=S.

To prove the converse, suppose there exist distinct points x,, x, € L such that
Lyo/xo=Ly,/x,=S. By Theorem 4.8 (and its proof), there exist z,, z; € S such
that z,+ x, =y, and z, + x, =y,, and Lz,/0=Lz,/0=S. From the remark immedi-
ately preceding this proof, there exist u, € L and y, such that z, =uy+v,2,, and
there exist u; € L and y, such that zo=u, +y,z,, and there exist u, € L and y, such
that zo=u, +y,z,. Combining these,

2o = Uy +y1(uo+v020)
= Uy +y1lo+ Y1020
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We cannot have y,y,=0, for otherwise, either z, or z, is in L, say z,, implying that
S=Lz,/0cL, and hence contradicting the assumption that S has nonempty
interior. Suppose y,yo=1. Then O0=u, +y,u,, so that u,, u, € I. Suppose u, =0;
then u,=0 and zo=y,z,. Since zo+Xxy=y, =2, +Xx;, we have y,z; +xo=2,+x;. If
y.=1, then x,=x,;, contradicting the assumption x,#x,. If y;>1, then x,=
(y1— Dz, + x,. Since x,, x; € L, by Theorem 4.5, we have (y,—1)z; € L, or z, € L.
But this would imply again that Lz,/0<L. If y, <1, a similar contradiction results.
We conclude that u,#0, so that {0}, which was to be shown.

Now, suppose yoy;>1. Then O=u, +y,us+(yoy1—1)zo. We then have the
nonzero z, € I, again implying Lz,/0<L.

Finally, suppose yoy;<1. Then (l1—y,y0)zo=u,+y4o€ L. Again we have
zo € L implying that Lzo/0<L. This final contradiction shows that y;y,=1, and
from above we see that #{0}. This concludes the proof.

4. Whenis Lz/0=S? We now know that if S is a Banach semilinear space with
nonempty interior and there is a maximal linear subspace L of S and x, €L,
Yo € S—L such that Lyy/x,=S, then there must be a z€ S such that, given y,
there is u € L and y 20 such that y=u+yz.

Preliminary to showing necessary and sufficient conditions that Lz/0=S for
some z, we prove a uniqueness theorem.

As before, we assume that S has nonempty interior, so that if Lz/0=.S, then
z¢ L.

THEOREM 4.9. If Lz/0=S and y=u, +y,z=us+7v,2, Uy, Uy € L, then u,=u, and
Y1=Va.

Proof. Suppose u, +y,z=uy+y,z and y, >y,. Then u; + (v, —y2)z =u,. Since u,,
uy € L, by Theorem 4.5 (y,—v5)ze L, and hence z e L. This contradicts z € L.
Similarly for y,>7y,. Thus y; =y,. By cancellation, u, =u,.

THEOREM 4.10. Suppose L is a maximal linear subspace of B(S). Then Lz/0=S
ifand only if z ¢ L and z is in every maximal linear subspace L' of B(S) distinct from L.

Proof. We show that if z¢ L and z € L’ for every maximal linear subspace L'
of B(S) distinct from L, then Lz/0=S.

Let y € I(S), and consider y+z. By Theorem 4.3, if for every x €p(S), y¢
[y+2z, x], then ze IcL, contradicting z ¢ L. Then there is x € (S) such that
yely+z x], i.e. ax+B(y+z)=y, where a+B=1, or ax+pz=ay. Clearly, «#0,
s0 y=x+(B/e)z. Suppose x ¢ L. Every element of B(S) belongs to a maximal
linear subspace of B(S) (proved by using Zorn’s lemma), so that x € L', for some
maximal linear subspace L' of B(S), which must be distinct from L, since x ¢ L.
But by hypothesis z € L', hence (8/a)z € L'. We then have x+(8/e)z=y € L'. This
contradicts y € I(S). Therefore, x € L, so that y=x+(8/a)z implies y € 0z/0. This



1970} BOUNDARIES OF SEMILINEAR SPACES AND SEMIALGEBRAS 111

shows that 7(S)<=0z/0. By Theorem 2.4(c) I(S) is dense in S. We conclude that
Lz/0, the closure 0z/0, is S.

Conversely, suppose Lz/0=S, and let L’ be a maximal linear subspace of B(S)
distinct from L. Now z ¢ L, for otherwise S=Lz/0cL<p(S), implying I(S) is
empty. Let x be an element of L’ not in L. There exist ¥ € L and y such that x=u
+yz. Since x ¢ L, y#0. The set of all eu+u’, where « 20 and u’ € L', is clearly
linear. Suppose there is «y>0 and u’' € L’ such that «qu+u’ ¢ B(S). Then oo+
ao(yz) +u' ¢ B(S), by Theorem 3.4(a). But aou+ao(yz) +u' =ag(u+yz)+u' =agx+u’
€ L', since ax, u’ € L'. This contradiction implies that au+u’ € B(S) for any «20,
u' € L’ Since L’ is maximal we must have each au+u’ € L’; in particular, u=1-u+0
eL’. We have x=u+vyz and x, ue L'. By Theorem 4.5, yze L', and, since y+#0,
z e L’. This completes the proof.

ExaMpLES. Consider the Banach semilinear space C*(0,1) of nonnegative
continuous functions defined on [0, 1]. The boundary of C*(0, 1) consists of those
f such that f(x)=0, for some x € [0, 1]. Each maximal linear subspace of the
boundary will be of the form {f:f(x,)=0}, where x, is a fixed element of [0, 1].
Let L be such a subspace, corresponding to (say) x,. Suppose Lz/0=C*(0, 1),
for some z € L. Then z(x,) #0. By Theorem 4.10, z must be in every other maximal
linear subspace of the boundary. As a consequence of this, z(x)=0 for all x5 x,,
and z(x,) #0. Such a function is not continuous on [0, 1]. Thus we see that C*(0, 1)
cannot be represented by any Lz/0, and hence by no Ly/x,.

Consider example (8). The boundary B(S) consists of those sequences {x,}
such that either x,=0, for some n, or lim x,=0. The maximal linear subspaces
of B(S) are of the form L,={(x,x,, ...):x,=0}, for n some fixed positive integer,
or Lo={(x;x,,...):lim x,=0}. For fixed positive integer n, let z be the sequence
with 1 in the nth term and O elsewhere. Then z € L,, for m#n and m=0,1,....
By Theorem 4.10, L,z/0=S. Now consider L,. If Lyz/0=S, then z must belong
to each L,,n=1,2,..., i.e. z is identically 0. Then ze L,. We conclude that
Lyz/0+#£S for any z € S.

5. Linear independence in semilinear spaces.

DEFINITION 4.4. Given a semilinear space S, a linear combination o, x; + asX, +
- FoX,, With x; € S and «; 20, is said to be reduced if there do not exist x;, x;
such that o;x;+o;x;=Bx;, for some B=0. In other words, for no x; does —x;
appear with nonzero coefficient if «; > 0.

Fact. Every linear combination is equal to a reduced linear combination. We
assume henceforth that all linear combinations have been reduced.

DEFINITION 4.5. The set {x;, x,, . . ., X,} =S is linearly independent provided that

o1 Xy FagXe+ - FoX, = ,lel +BgX2+ fe +ann

implies o;=p, for i=1,2,..., n.
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Note that this definition allows x and — x to be included in a linearly independent
set. This is necessary, since we cannot multiply by negative scalars.

DEFINITION 4.6. A subset A of S is linearly independent if every finite subset of
A is linearly independent.

Given a linearly independent subset 4 of S, Span (4) will denote the set of all
linear combinations of elements of 4. If Span (4)=3S, A is said to generate S.

THEOREM 4.11. Every semilinear space has a maximal linearly independent
subset.

Proof. A routine application of Zorn’s lemma.

Note. A semilinear space may have no maximal linearly independent subset
which generates it. Consider S={(x, y, z):(x2+y?)2<z}, with coordinatewise
addition and scalar multiplication. Each maximal linearly independent subset of
S has exactly three elements, but the boundary {(x, y, z):(x2+ y*)*/2=z} cannot be
obtained in the span of such a set.

THEOREM 4.12. A linearly independent subset A of the semilinear space S is
maximal if and only if, for each x € S, there is y € Span (A) such that x+y € Span (A4).

Proof. Suppose A4 is maximal. Let x € S. If x € Span (4), then x+ x € Span (A4),
and the conclusion follows. Suppose x ¢ Span (4). Then there exist scalars,
o, By, ., 0y Py, Bn, and xqi,...,x,€ A such that ax+4oyx;+-- - +a.x,
=Bx+B1x1+ - - - +Baxn, but o;#p;, for some i, or «#p. In particular, «#p, for
otherwise we have by cancellation that «;x;+ - +o,x,=Byx;+ - - +ax, and
o;#B; for some i. For simplicity assume «>B. Then («—B)x+(ayx;+ - - - +anXx,)
=B1x,+ - - - +B.x,. Letting

1
y = =B (o1 + - - - +anXy),

we have x +y € Span (4).

Suppose now that 4 is not maximal, i.e. there exists x ¢ Span (4) such that
A U {x} is linearly independent. Suppose x+y € Span (4) for some y € Span (4).
We then have 1-x+oa;x;+ - +o,x,=0-Xx+B,y1+ - +BayYn, OF 1-X401x;+
Xyt o, +0-y; 4+ 40y, =0-x4+0-x, 4+ +0-x, + By +- - +
Bnyn. Since 1#£0, 4 U {x} cannot be linearly independent. This contradiction
concludes the proof.

THEOREM 4.13. If S is a topological semilinear space, A is a linearly independent
subset of S and Span (A) has a nonempty topological interior, then A is maximal.

Proof. Let y, be in the topological interior of Span (4). There is an open
subset V of Span (4) containing x,. Let x € S. If x € Span (4), then x+ y, € Span (4).
Suppose x ¢ Span (A4). There must be x, € [x, yo] N V such that x,# x and x, # y,,
i.e. ax+By, €V, where a+B=1 and «>0, 0. Then x+(B/x)y, € Span (4). We
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have therefore that if x € S there is y € Span (4) such that x+y € Span (4). By
Theorem 4.12, A is maximal.

THEOREM 4.14. If the maximal linearly independent subset B of the Banach
semilinear space S, with nonempty interior, generates S, then B is not a subset of the
boundary of S if and only if every element of the boundary has an additive inverse.

Proof. If B(S)=1I and B<pB(S), then Span (B)<B(S), contradicting I(S)+# &.
Thus if B(S)=1, then B is not a subset of 8(S).

Conversely, suppose B is not a subset of the boundary. Let B'=B N (S). B’ is
not empty, for otherwise, by Theorem 3.4, Span (S)<I(S). Given x € 8(S), x=
0y Xy+ - - Xy, With xq, ..., x, € B and o;#0. No x; can be in I(S), since, by
Theorem 3.4, if some x; € I(S), then x € I(S). Thus we have x is a combination of
elements of B, i.e. B(S)<=Span (B’). Let x € B N I(S). Let y € B(S), y#0. Suppose
there is x, € B(S) such that x € [x+y, x,]; then ax,+B(x+y)=x, ax,+By=ax. If
=0, then y=0, so «>0. Then x=x,+(8/x)y. Since x,, (B/)y € B(S)<Span (B’),
we have x=o;x; + - - - + o, x,, where x,, ..., x, € B’. But x¢ B, s0 1-x+0x,+ - - -
+0x,=0-x+a;x, + - - - +,X,, contradicting the linear independence of B. Thus
if x, € B(S), then x ¢ [x+y, xo]. By Theorem 4.3, y € I. The conclusion is that
B(S)=1, which completes the proof of the theorem.

COROLLARY. Given the hypotheses of Theorem 4.14 and B not a subset of B(S),
then B N I(S) is a single point.

Proof. By Theorem 4.14, B(S)=1, so that B(S) is the only maximal linear sub-
space L of B(S). Suppose x;, x; € BN I(S) and x, #x,. By Theorem 4.10, Lx,/0
=S. Then x,=u and yx;, where u € B(S). But then u is a linear combination of
elements of B(S) and x, (#x,). This gives that x, € B is a linear combination of
elements of B distinct from x,. The fact that B is linearly independent rules this out.
We cannot then have x,, x, € B N I(S) with x, # x,.

CHAPTER 5. SEMIALGEBRAS

1. Definitions and examples.

DEFINITION 5.1. The semilinear space S is a semialgebra if there is an operation
of multiplication (denoted by the usual notation) such that

(1) (S, -) is a semigroup.

(2) (ex)(By)=(eB)(xy), « and B nonnegative scalars, x, y € S.

(3) x(y+z)=xy+xz and (y+2)x=yx+zx, x,y,z€ S.

A topological semialgebra is a topological semilinear space which is a semi-
algebra such that multiplication is continuous.

A metric semialgebra is a metric semilinear space which is a semialgebra such
that d(xy, xz) £d(y, z)d(x, 0) for any x, y, z.

A Banach semialgebra is a complete metric semialgebra.

Following Bourne, Bugenhagen, and others we have



114 R. E. WORTH [March

DEFINITION 5.2. A subset M of the semialgebra S is an ideal provided that M
is a semialgebra and a € S, x € M imply that ax, xa e M.

Given a, b e S, we say that a is congruent to b modulo the ideal M, denoted
a=b(M), if there exist m, n € M such that a+ m=>b+n.

In the sequel we shall be concerned only with maximal proper ideals.

ExXAMPLEs. The natural modifications apply to examples (1) through (10). In
addition, consider the following.

(11) Let G={g1, g3, . . -, gn} be a finite group. Let L*(G) be the set of all non-
negative real-valued functions defined on G. Given f, g € L*(G) and « =0, define

f+g, fz, and of by
(f+g)(g) = f(g)+8(g)s

(o)) = Z fgegDe(e),
(of)(g) = o(f(g)-

With d(f, g)=>7-, |f(g)—g(g)|, L*(G) is a Banach semialgebra. If G is com-
mutative, then so is L*(G). There is only one maximal ideal—the set of functions
which are either identically O or nonzero on a nondegenerate subset of G.

2. The factor space S/M. Congruence modulo an ideal M is easily seen to be
an equivalence relation. We show transitivity. Suppose a=b(M). Then a+m
=b+n and b+p=c+q, where m, n, p, g€ M. We have a+(m+p)=(a+m)+p
=(b+n)+p=>b+p)+n=(c+q)+n=c+(q+n). Since m+p, n+q € M, it follows
that a=c(M).

Thus congruence modulo M partitions S into equivalent classes. We shall denote
the equivalence class containing x by X and the set of all such classes by S/M. The
usual definitions of addition, multiplication, and scalar multiplication of equi-
valence classes carries over, and henceforth mention of S/M will imply the avail-
ability of these operations.

NoTtEe. If M is a maximal ideal, then O is an ideal containing M.

A curious fact is that 0 may not be proper, in which case we have S/M ={0}.
Consider S={(x, y) : 0=y < x}, with coordinatewise operations. The only maximal
ideal is {(x, y) : 0=y < x}. Given (x, y) € S, we have (1,0) € M and (x, y)+(1,0) e M,
so (x, ¥)=(0, 0)(M), that is, S=0. The single maximal ideal in example (11) also
has this property.

DEFINITION 5.3. An ideal M will be called nonassimilating if there exists x € S
such that x+m ¢ M for any me M.

If M is any maximal ideal in a semialgebra S, consideration of the definitions
of the operations on S/M show immediately that S/M is a semialgebra. If, in
addition, M is nonassimilating, we have that S/M contains x#0. For there exists
x € S such that x ¢ 0; hence ¥#0. Also, since M<0# S, we must have M=0, by
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the maximality of M. Thus in case M is nonassimilating, M is the additive identity
for S/M.

In some cases, S/M is more well behaved than S, as we see in our first theorem
on semialgebras.

THEOREM 5.1. Suppose S is a commutative semialgebra and M is a nonassimilating
maximal ideal in S. Then the equation ax=>b, with a#0, has a solution X in S/M.
In addition, S/M has a multiplicative identity, and each nonzero element of S|M
has multiplicative inverse.

Proof. We first show that if N and P are ideals in S, the (N, P)={n+p:neN,
p € P} is an ideal. Clearly, 0 € (¥, P). Let x, y € (N, P), and « 20. Then x=n, +p;,
Y=ngz+p,, for some ny, n, € N and p,, p, € P. We have x+y=(n, +n)+(p, +ps)
€ (N, P), xy=(ny+p)ny+(ny+p,)p; € (N, P), ax=an,+op, € (N, P), ax=an, +
ap, € (N, P), and xa=n,a+p,a e (N, P), for ae S. Thus (N, P) is an ideal.

We next show that, given a € S, (@)={ax : x € S}is anideal. Let y, ze (@), b€ S,
and «20. Then y=ax, and z=ax,, for some x;, x; € S.

y+z = a(x, +x,) € (a),
yz = (ax;)(ax;) = a(x,ax) € (a),

y = o(ax,) = a(ex,) € (a),

and
by = b(ax,) = a(bx,) € (a),
¥b = (ax,)b = a(x,b),

using commutativity of multiplication.

We now prove the theorem.

Let @, be S/M, a#0. (a) is an ideal in S, so that (M, (a)) is an ideal. Since
M<(M, (a)) and a ¢ M, we have (M, (a))=S. Thus there exist x € S, m € M such
that b=ax+m, which implies that 5=ax.

Since M is a nonassimilating ideal, there exists @#0. The equation G&¢=a holds
for some &. Let b be arbitrary. We have ax=>5, for some X. Then (&)X =a, (ax)é
=ax, so that b=>bé. Therefore ¢ is a multiplicative identity.

Finally, given a#0, there is X such that ax=¢, so that a does indeed have a
multiplicative inverse. This completes the proof of the theorem.

3. The boundary of a semialgebra. As a supplement to Theorem 3.1, we have

THEOREM 5.2. If S is a metric semialgebra, and lim x,=x, limy,=y, then
lim (x,p,)=xp.

Proof. A routine application of the metric conditions of a metric semialgebra.
In the remainder of this section, we assume that S is a Banach semialgebra with
identity e such that e € I(S) and d(e, 0)=1.
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THEOREM 5.3. If x, € B(S) and x € S, then xx, € B(S).

Proof. Suppose xx, € I(S). We are assuming e € I(S), so x +e € I(S), by Theorem
3.4(a). By definition of I(S), there exists x’ € S, >0, 8> 0, with «+B=1, such that
o(x+e)+PBx'=e. Then ax+Bx'=Pe, and oxx,)+B(x'xe)=PBx,. Since xx, € I(S)
and «>0, Theorem 3.4(b) implies that Bx, € I(S), and hence x, € I(S). The
theorem follows.

THEOREM 5.4. Suppose M is a maximal nonassimilating ideal in S and there
exists x such that X N B(S) is empty. Then B(S)=M=1

Proof. We show B(S)< M. Suppose x, € B(S)— M. Since M is maximal and
nonassimilating, there exists a € S, m € M such that x=ax,+m, by Theorem 5.1.
Then ax, € ¥, and, by Theorem 5.3, ax, € B(S). Thus X N B(S)+# @. This contra-
diction implies B(S)< M.

We next show M<I. Choose me M, #0. We must show m has an additive
inverse. Consider x+m, and suppose there is x, € B(S) such that x € [x+m, x,],
i.e. there exist >0, B>0, with «+B8=1, such that ax,+B(x+m)=x. Then
axo+Pm=ex, and xo+(B/e)m=x. Then x,e X, and ¥ N B(S)# @, a contra-
diction. Thus, given x, € (S), x ¢ [x+m, x,]. By Theorem 4.3, m has an additive
inverse.

By Theorem 3.4, I<B(S). Then M<I<B(S)< M implies B(S)=M=1.

4. A theorem from Banach algebras. An element x in the semialgebra S with
identity e is regular if it has a multiplicative inverse, and singular otherwise.

Let S be a Banach semialgebra with identity e € I(S) such that d(e, 0)=1.

Note. No element of B(S) can be regular, since by Theorem 5.3, x, € B(S)
implies xx, € B(S), for any x € S, and e ¢ B(S).

THEOREM 5.5. If d(a, e)<1, a€ S, then a is regular.

Proof. By Definition 2.3 we have d(x+y,0)=d(x+y,y)+d(y,0)=d(x,0)
+d(y,0), and d(xy, 0)<d(x, 0)d(y,0). Using these facts and mathematical
induction, we have

d( ii X, 0) s 2 [d(x, 0)).

From this and the completeness of S, we have that if d(x, 0)<1, then >, x"
converges, letting x°=e.

Suppose d(a, e)<1. Since e I(S), e ¢ B(S), so that there exist x € S, «>0,
B <0, with a+B=1, such that ax+Ba=e. Now

d(ax, 0) = d(ex+pa, ca) = d(e, Ba) < d(e, Be)+d(Be, Ba)
= d(ce, 0)+Bd(a, e) = ad(e,0)+pd(a, e) < a+B = 1.

Therefore >, _, (ex)™ converges.
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ax+pa =e
(ax)?+Ba(ex) = ax
(ex)® +Ba(ex)? = (ax)?
(ax)"*1 4+ Ba(ax)" = (ax)"

e+n§: (ax)'+PBa i (ax)! = i (ex)+e

i=1 i=0 i=0

n+1l n n

> (@) +ha D (@) = e+ 2 (ox)
i=0 i=0 i=0

Ns

(ax)*+Ba io (ex)" = e+ io (ax)™.

n=0

By cancellativity of addition,
a(,B Z (ax)") =e.
n=0
Therefore, a is regular and its multiplicative inverse is B > o (ex)™

COROLLARY. If r is regular and d(x, r)<1/d(r~?, 0), then x is regular. Hence the
set of regular elements is open.

Proof. d(xr~1, e)=d(xr=*, rr-)2d(x, r)d(r-% 0)<1. This implies xr-! is
regular, so that x is regular.

Theorem 5.5 implies the same result for Banach algebras, since every Banach
algebra is equal to its interior.

The last results settle the question of the existence of maximal ideals for Banach
semialgebras with the assumed conditions. Each maximal ideal must be a subset
of the set of singular elements, which is closed, by the preceding corollary. Using
arguments paralleling those from Banach algebras, we conclude that each maximal
ideal is closed and that each singular element is contained in such a maximal ideal.

In the context of this section we can prove a result related to the work of Bonsall
mentioned in the introduction.

A closed semialgebra of continuous functions in C(X) is clearly a Banach semi-
algebra. A closed semialgebra S of C(X) is said to be of the type n (n=0) provided
fe€ S implies f*/(1+f) € S. Bonsall has succeeded in characterizing closed semi-
algebras of types 0 and 1. We state and prove a result on type 0 semialgebras.

THEOREM 5.6. Suppose S is a closed semialgebra in C(X). Then S is of type 0 if
and only if 1 € S and B(S) is the set of singular elements of S.

Proof. Recall S is of type 0 if f€ S implies 1/(1+f) € S.
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Suppose 1 € S and B(S) is the set of singular elements. The I(S) is the set of
regular elements. Since 1 is regular, we have 1 € I(S). Given f€ S, we have 1+f
€ I(S), using Theorem 3.4(a). Hence 1 +f has a multiplicative inverse 1/(1+f) € S,
and S is of type 0.

Conversely, suppose f.is of type 0. Since 0€ S, 1=1/(1+0) € S. Bonsall has
proved that f, g € S, f= g, implies f—g € S. Given f€ S, choose « such that 0 <a <1
and of 21. Let B=1—« and g=(1—0of)/B. We have ge S and «f+Bg=1. Thus,
given f+#1, there exist g#1 and «>0, >0, with «+8=1, such that of +8g=1.
This implies 1 ¢ B(S); hence 1 € I(S). We have 1 € I(S), d(1, 0)=1, and S a Banach
semialgebra. Then, by Theorem 5.3, x € B(S) implies xx, € B(S) for any x, € S.
Then, given x € B(S), x cannot be regular, since otherwise xx,=1 € I(S), for some
X, € S. This means B(S) is a subset of the set of singular elements of S. Now suppose
there is a singular element f of S which is not in B(S). Then there exist g1 and
>0, >0, with a+B8=1, such that «(1)+Bg=f, or 1+(B/e)g=(1/e)f. Since S is
of type 0, 1+(B/«)f is regular. Hence f is regular. This contradiction implies B(S)
is the set of singular elements of S, and the theorem is proved.

The condition 1 € S was needed in Theorem 5.6. For consider X={(x, 0) : x=0},
with coordinatewise operations. X is a Banach semialgebra, (1, 0) is a multiplicative
identity. We consider X as a semialgebra in the space C(E), with E a two point
set, i.e. C(E) is the plane. In this context, B(X)={0}, which is the set of singular
elements relative to (1, 0), but X is not type 0 in S. Note that (1, 1), the multipli-
cative identity of C(E), is not in X.

5. The nondegeneracy of B(S). We have seen that 0 € B(S), for any topological
semialgebra S which is not an algebra (N# @). When is B(S)={0}? We give a
partial answer.

Let S={(x, y) : x=0=y or x>0 and y >0} with coordinatewise operations. S is
a metric semialgebra and B(S)={0}. S is not complete.

THEOREM 5.7. Suppose S is a Banach semialgebra, with N+ &. Then B(S)={0}
if and only if S={ax, : « =0}, for some fixed x, € S.

Proof. It is clear that S={ax, : « =0} implies B(S)={0}.

Suppose S is not {ax,: «=0}, for any x, € S, but that (S)={0}. Then, given
y € S, there exists x € S such that x ¢ [0, x+ y]. Since 0 is the only element of 8(S),
the hypotheses of Theorem 4.3 are satisfied, so that y € I. Therefore S=1, which
contradicts the assumption N# &.
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